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A motivation from domain theory

A dcpo is a poset where every ideal (directed, lower subset) has
a supremum.
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A motivation from domain theory

By definition of supremum:
Sop<z iff ¢Clz.

Replacing < by its characteristic function X(—, —) and
replacing C by its characteristic function X(—, —):

X(Spz) = X(¢.l2).

Hence a poset X is a dcpo iff the Yoneda embedding |: X — IdIX
has a left adjoint S: IdIX — X:
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DEF.: y < x iff Vo (x <S¢ < y € o).
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A motivation from domain theory

Examples of approximation:
» In (P(X),Q),
y < x iff y is a finite subset of x.
> In (K(R),2),
y < x iff y O P D x for some polyhedron P.
> In [0, 0],
y<x iff y<xory=0.
» In the lattice of opens of a locally compact Hausdorff space,
O« U iff OC K C U for some compact K.
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Continuity by adjunction

By definition of approximation:
UxCo if x<So.

Replacing < by its characteristic function X(—, —) and
replacing C by its characteristic function X(—, —):

X(hx,0) = X(x.S9).

Hence a dcpo X is continuous iff S: IdIX — X has a left adjoint
J: X = IdIX:

-S.
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J-continuous J-complete quasimetrics

We can further generalize the situation by:

» Replacing 2 by a commutative unital quantale Q
(note: X(—,—): X x X — Q satisfies quasimetric axioms!)

> relacing the class of Idl by some other suitable class J C X

DEFINITION

A quasimetric X is J-complete and J-continuous if
L4844

for
I: X = JX,
S:JIX = X,

b X = JX.



Two simplest examples of J-continuous J-complete
quasimetrics

» For J =Idl and Q = 2, we get continuous dcpos.

> For J=X and Q = 2 we get completely distributive complete
lattices.
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Main example

Suppose Q is completely distributive. Let X be a quasimetric.
A net (x;)ies is forward Cauchy iff

Ve<03dNelVn>m>N X(xm,xn) < €.
Now define J = A by:

¢ e AX iff ¢x =infsup X(x, x;)
iel j>i

for some forward Cauchy net (x;)ic;-

EXAMPLE: For Q = ([0, o¢], +), A-complete metrics are exactly
complete metrics.

EXAMPLE: For Q = 2, A-complete A-continuous quasimetrics are
precisely continuous dcpos.



Three short stories about (A-continuous) A-complete
quasimetrics

1. On embedding into continuous dcpos.
2. On a duality theorem.
3. On fixed points of non-expansive maps.



1. On embedding into continuous dcpos

Edalat, A. and Heckmann, R. (1998) A computational model for metric
spaces. Theoretical Computer Science 193(1-2), pp. 53-73.

BX = {(x,r)|x€ X and r >0} C X x R}
(x,r) <{y,s) iff X(x,y)+s<r
X ={(x,0) | x € X}(= max(BX) providing X is Ty).
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1. On embedding into continuous dcpos

THEOREM (BX, <) is a dcpo iff X is A-complete.

THEOREM (BX, <) is s continuous dcpo iff X is A-complete,
A-continuous with

(x,r) < {y,s) iff J(x,y)+s<r.

THEOREM If X is, in addition, Ty, then the Yoneda
embedding |: X — max(BX) is a homeomorphism from the
natural topology on X generated by sets of the form

O(x,r) ={y e X [ (x,y) <r}
to the subspace Scott topology on BX.

In fact,

O(x,r) =471 (F(x, 1))
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2. On a duality theorem

Let X be A-complete and A-continuous.

» For every non-expansive map f: X — Y
we have a non-expansive map

f: X — \7,
f(9)(y) = infxex(ox + Y(y, ).
» Consider
» If Q =2, FX is the collection of Scott-open filters on X.

» Define
F(f: X—=Y) FY - FX

F(f)(a) =aof.
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2. On a duality theorem

THEOREM The functor F: (A—Cont)°? — A—Cont
is an equivalence of categories.

For Q@ = 2 the above is known as the Lawson duality.
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3. On fixed point of non-expansive maps

(Banach) A contraction on a complete metric space has a unique
fixed point.
(Knaster-Tarski) An order-preserving map on a complete lattice has
the least and the greatest fixed point.
» |t is known that both theorems have constructive proofs.
» We'll show more: both are instances of a single theorem with
a constructive proof.
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3. On fixed point of non-expansive maps

Let X be J-complete. Let T: X — X be non-expansive. Then:
1. X is a dcpo in the induced order (here x <x y iff X(x,y) = 0).
2. T preserves <x.
3. If only there exists ¢ € JX with T(¢) = ¢, then
56 = ST(¢) <x T(S9).
4. Y ={x| x <x Tx}
(a) contains S¢, (b) is a dcpo, (c) is closed under T.

5. The intersection C C X of all subsets with (a)-(c) also
satisfies (a)-(c). Moreover S¢ is the least element of C.

6. Therefore T: C — C has a fixed point fix(T).
7. If z € X is other fixed point, then C C |z, hence fix(T)<x z.
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3. On fixed point of non-expansive maps

THEOREM Let X be J-complete. Let T: X — X be
non-expansive. If there exists ¢ € JX with T(¢) = ¢, then T has
the least fixed point.
> (Banach) Take J = A and ¢ = inf, sup,,~, X(—, T"x). Any
choice of xg gives the same ¢, hence the fixed point is unique.
> (Knaster-Tarski) take J = X. Since X is a complete lattice in
the induced order, it has L. Then take
¢ = infsup X(—, T™L) and get the least point of T. Repeat
the same proof for X°P to obtain the greatest fixed point of T.
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(James Caristi, 1976) Let T: X — X be an arbitrary map on a
complete metric space. If there exists a l.s.c. map ¢: X — [0, 00)
such that:

() X0 Tx) 4 o(Tx) < ¢(x),

then T has a fixed point.
THEOREM The nonsymmetric version of Caristi’'s Theorem has no
constructive proof.
Proof:
1. pis ls.c. iff Z:= {(x,¢x) | x € X} CBX is a dcpo.
2. Moreover, (*) iff (x, ox) < (Tx, p(Tx)) in BX.
3. Hence (*) iff the map (x, px) — (Tx, p(Tx)) is expanding.
4

. Hence (Nonsymmetric Caristi) is constructive iff the
Bourbaki-Witt theorem is constructive.

5. But Andrej Bauer proved that the Bourbaki-Witt theorem has
no constructive proof whatsoever. ¢.e.d.



